
SOME FAMILIES OF EXACT SOLUTIONS OF THE EQUATIONS 

OF TWO-DIMENSIONAL SHALLOW WATER THEORY 

M. T .  G l a d y s h e v  

Resul ts  a r e  p resen ted  of a study of the exact solutions of the equations of two-dimens iona l  
unsteady and s teady shallow water  theory,  based  on the group p rope r t i e s  of these  equations.  
The f i r s t  pa r t  p r e sen t s  the group p rope r t i e s  of the equations in question; the second pa r t  
p r e sen t s  the invar iant  solutions of these  equations.  

We consider  the equations of two-dimens iona l  unsteady open liquid flows (shallow wate r  theory  or 
long wave theory) 

D t z ~ - z d i v  u ~ 0 ,  D t u - ~ V  z ~ O  (0.1) 

He re  u ={ ut, u z} is the veloci ty  vec to r  in the hor izonta l  plane (x 1, x2); z =gh, g is the g rav i ty  fo rce  
acce lera t ion ,  h is the s t r e a m  depth; and t is t ime.  The vec to r  ope ra to r  ~Y is the gradient  ope ra to r  with 
r e spec t  to the var iab le  x = {  x 1, x2}, div is the d ivergence  symbol  with r e spec t  to the var iab le  x, and the 
opera to r  D t is given by the fo rmula  

0 . 0 0 
Dt = ~y ~ ul ~ ~- u2 Ox~ 

The f i r s t  equation (0.1) is the continuity equation and the second is the equation of motion.  Equations 
(0.1) were  f i r s t  obtained by Fr iedr i 'chs  and Kel le r  [1] in 1948 as the f i r s t  approximat ion  f rom the exact equa-  
t ions of hydrodynamics .  

In many p rob lems  assoc ia ted  with r i v e r  regulat ion,  flood predic t ion,  and so on, the nonlinear  d i f fe r -  
ential  equations (0.1) with sui table additions, which make it poss ib le  to take into account the var ia t ion  of 
the r i v e r  val ley bot tom elevation and the flow r e s i s t a n c e  caused by i r r egu l a r i t y  of the r i v e r  bot tom, a r e  
used to study flows in r i v e r s .  In this case  we have in place  of the second equation (0.1) 

Dtu + Yz  = --  VZo -- Fu[u [ (0.2) 

Here  Zo=Zo(X 1, x 2) is the bottom elevation; and F =F(x 1, x 2, z) is the f r ic t ion coefficient .  

1,  G R O U P  P R O P E R T I E S  

The object ive in studying the group p rope r t i e s  of d i f ferent ia l  equations l ies in finding the b roades t  
local  Lie t r ans fo rma t ion  group admit ted by the given s y s t e m  of equations and in finding the c lass i f ica t ion  
of the invar iant  and par t i a l ly  invar iant  solutions of this sys tem,  introduced by Ovsyannikov [2]. 

The re  is a well-known technique for  finding the inf ini tes imal  ope ra to r s  of the given sys tem,  which 
leads to the solution of the defining equations for  the coordinates  of these  ope ra to r s  [2]. We shall  s u m -  
m a r i z e  the resu l t s ,  calculated using this technique, concerning the group p rope r t i e s  of the s y s t e m  (0.1), 
(0.2), and the equations emanat ing f rom this sys t em.  
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For  the equations (0.1), (0.2) the nar rowes t  group, consisting of the single opera tor  X = ~ ( . ) /at ,  oc-  
curs  for  a rb i t r a ry  functions z 0 and F. Expansion of the group is permit ted for special  fo rms  of z 0 and F 
which are  not interest ing f rom the physical  viewpoint. This question was studied in [3] for the one-dimen-  
sional equations (0.1), (0.2). The broades t  group occurs  for  z0=const  and F =0, i.e., for  (0.1). The Lie 
a lgebra  of the principal  group admitted by (0.1) is generated by the l inearly independent opera tors  

0 0 o o 0 (1.1) 
X1 = -bY X~ = Xz = X~ = t -~ ' Ox~ ' ~ ' ~ Ou~ 

0 0 X6 0 t 0 0 
X,~ = t ~ + Ou~ ' = t - o y  4-  x ~ + x 2 0x~ 

0 0 0 0 0 
X~7=x'-~yx~--x~-0~x~ +~t~-~-Ul--~l-0~u2, X s  = ~ ~ i - - -  u l -~u ~ - -  zt2 ~ - -  2z  0-- ~ 

0 0 
Xg -- t 2 0~ -~ lxl O~-}-tx2 oO-~x2 --~ (x l - - tuq)  O~l -~ (x2--lt~g)-~u 2 --  2tZ-~7 

The sys tem of three  equations (0.1) will be a par t icular  case of the sys tem of four equations of two- 
dimensional unsteady gasdynamies  [2]. Specifically, for  A = 2p and p =1/2p2 , the l a t t e r  become the equa- 
tions (0.1) (with replacement  of p by z). In the case of the gasdynamic equations for A =2p there appears 
the additional opera tor  

0 0 
Xao = P-5~ § P-~-; 

the sign changes in the last t e r m  of the expression for X 8 and the t e rm 4tp0 ( .) /0p appears in the expres -  
sion for  X 9. 

The solutions of (0.1) will be part ly invariant solutions of the equations of gasdynamics when the en- 
t ropy  S =eonst .  It is well known that broadening of the group is possible in this case.  It can be shown that 
the group admitted by the equations of isentropic motion follows f rom the group admitted by the equations 
of nonisentropic motion. 

With account for  the noted differences,  the classif icat ion made in [4] of the invariant solutions of the 
equations of gasdynamics  is valid for  (0.1). 

In addition to the invariant solutions, there  are  other c lasses  of solutions which have received very  
little study to date. These include the par t ly  invariant solutions of the simple wave and double wave types 
[5-7]. In studying double waves, the key equation [6] will be 

(z - -  z~= ~) z . . . .  q-  2z~,z~=z ..... q- (z -- z~, 2) z ...... + 2z -- z~, 2 -- z~ 2 = 0 (1.2) 

which is obtained f rom (0.1) under the assumptions 

Ou2 Ouz 
z = z (u l ,  us) ,  ox~ Ox~ = 0 

Calculations of the group admitted by (1.2) yield the following operators :  

X1 _ o o 0 3 X4 = ul  o o o 
o ~  ' X ~ =  -5~  , X a =  u~-~--~ - - u ~  3-~ , -$g-~+u~0~7+2z~-~ (1.3) 

We note that the solution of the problem of the group proper t ies  of the following quasi l inear  system 
which is equivalent to (1.2) leads to the same result :  

zu, - -  T = O r zu~ - -  6 -~ O, ~u, - -  'vu~ = 0 

(z - -  a s) Ca, + 2VOV~ + (Z - -  ~S) Z~ + 2Z - -  ~ --  ~2 = 0 

which is obtained by introducing the auxiliary variables r and or. 

Using the internal automorphisms of the transformation group (1.3), we construct the optimal system 
of single-parameter subgroups 

X I ,  X 3  -[- a X e ,  X4 (1.4) 

The invariant solutions of rank 2 relat ive to the dilational opera tor  X 6 f rom (1.1) are  called conical 
flows and have the fo rm [8] 

ul  = x -k u(x,  y ) ,  u~ = g + v(x,  y ) ,  z = h(x,  y)  (x = t - i x  1, g = t - i x  2) (1.5) 
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Substituting (1.5) into (0.1), we obtain the system 

uhx -b vhu -b  h ( u ~  -b vu) - - - 2 h  

uu~ -f- vu~ § h~ = .-- u ,  uv~ A- vv~ + h~ = - - v  (1.6) 

Calculations of the group admitted by the sys tem (1.6) lead to the following results: 

0 0 0 O O 0 
X 1 -  o~ ' X2 = T y  ' X s  = g ~-~ - -  x ~-jy + v-5-J - -  u ~ -  

0 u 0_~ 0 2h0_ ~ (1.7) 

The optimal system of s ing le -pa ramete r  subgroups of the group (1.7) coincides with (1.4). 

In the steady motion case [9], (0.1) take the form 

.ulz~ + u2z~ + z ( u ~  + u~ , )  = 0 

ulul~, + u2u~.- -4- z~ = O, ulu~, -4- u~u~, -t- z~, = O, ( 1 . 8 )  

which admit the group 

X1 _ O X2 O O 0-~ 0 0 Ox~ ' : ~ X4 : x ~ �9 , ~ - - x  I § u~ ~-~1 - -  ul  ~ - ~  

0 Xs = ul u~-~-u2 -b 2z (1.9) o _ +  0 0 
X s  = x x "[- x~ O~ ~ ' Oul "STz 

The optimal sys tem of s ing le -pa ramete r  subgroups of the group (1.9) is given by the opera tors  

X1 ~- ~Xs, Xs -b (zX4 -b ~X6, X4 -t- [~X5 (1.10) 

In conclusion we note that the one-dimensional  equations for shallow water with cyl indrical  waves 

oz -b u ~ ou zu Ou Ou , oz _ 0  
0"7 "~r -~- z "~-r d:- --~ " -~ 0 ' " ~  "-~- u "~'r -r" Or - -  (1.11) 

admit the following group of t ransformat ions:  

_ _ 0 =  0 0 o 
0 X2 = t r X8 -- 2z X I  = o-7' ot ' -~i'r ' = t -~T - -  u - ~ ,  

0 __ 2 t z  0 + t r ~ r _ ~ ( r _ t u ) _ 5 . [ [ ~  X4 = t ~ -~T 
( 1 . 1 2 )  

2. A P P L I C A T I O N S  

In this section we examine the exact solutions of the shallow water equations and the equations which 
follow from them when using the group proper ty  resul ts  descr ibed in the f i rs t  section. 

A. Examples of Invariant Solutions of (0.1), (0.2). Knowledge of the basic group and optimal sys tems 
of one- and two-pa ramete r  subgroups permi t s  finding the invariant solutions of rank 2 and 1, respect ively.  
The optimal system of one -pa ramete r  subgroups of the group (1.1) contains 13 opera tors  [4]; cor respond-  
ingly, we have 13 invariant solutions of rank 2. The initial quantities will be functions of two arguments  
whose values are  different for  the different subgroups. The optimal sys tem of two-pa rame te r  subgroups 
of the group (1.1) yields 30 invariant solutions of rank 1 when the initial quantities depend on a single a rgu-  
ment. In both cases  the solution of the sys tems of equations can be sought using numer ica l  methods.  

W e  shall note severa l  examples of invariant solutions for  the sys tem (0.1), (0.2), which are  written 
in explicit form.  These solutions are  of independent interest  and may also be used to ver i fy  the numerica l  
methods.  

We s tar t  with the invariant solutions of rank 1. 

a) We examine the invariant solution corresponding to the subgroup H = (XT, X I - X  ~ +Xs}. It has the 
form 

ur ~-- r U ,  us ~-- r V ,  z ~ r~H, ~. ~ re' (2.1) 

Here r,  0 are  the polar  coordinates in the plane x I, x 2, and Ur, u 0 are  the project ions of the velocity 
on the polar coordinate axes. 
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We s h a l l  e x a m i n e  the  m o t i o n  of the  w a t e r  above  a b o t t o m  whose  equa t ion  is  z 0 = -  ~/2r 2. without  a c -  

count  f o r  f r i c t i o n  (F = 0). 

Subs t i tu t ing  (2.1) in to  (0.1), (0.2), w r i t t e n  in p o l a r  c o o r d i n a t e s ,  we f ind one of the  so lu t i ons  

U = t ,  V~-~0, H = A k  -~, 

w h e r e  A is  any p o s i t i v e  n u m b e r .  

T h i s  y i e l d s  t he  so lu t ion  of the  fo l lowing  b o u n d a r y  v a l u e  p r o b l e m .  At  t he  i n i t i a l  m o m e n t  t = 0, t h e r e  
i s  g iven  u r = r  , u0 =0,  z = A ( 0 - < r - < a ) ,  and the  b o u n d a r y  cond i t ion  f o r  r = a ( t  > 0) has  the  f o r m  U r = a .  The  
so lu t ion  has  the  f o r m  

ur = r, u ~ = 0 ,  z =  A e x p  ( - - 2 t )  (O ~< r ~<. a, t >/ O) 

The  b o t t o m  is  not  u n c o v e r e d ,  a l though the  dep th  d e c r e a s e s  to  z e r o  with t i m e .  

b) F o r  the  s u b g r o u p  H = (X G- X 8, XI+Xg},  we have  the  i n v a r i a n t  so lu t i on  

r (t -4- U) rV r~tI 
~ , = 0  t t ~ :  i+t ~ ' u ~ :  t + t ~ '  z (l+t~) ~ ' 

Subs t i tu t ing  (2.2) into (0.1), we f ind one of the  so lu t ions  

5 " : 0 ,  V : A ,  H : ~ / ~ ( A  ~ - t )  ( A : z o n s t ,  A 2 > i )  

We pose the following problem: 
(A2-1)r 2 (0-<r-<a), and for 

f ind  the  so lu t ion  if a t  the  i n i t i a l  m o m e n t  t = 0 ,  U r = 0 ,  u 0 = A t ,  z =~/2 

r = a( t  > O) ur -~  a t ( l  A- t2) -1 

The solution has the form 

rt Ar  (A S - -  1) r e 
a t - -  i+t ~' u~- -  l+t ~ ' z-- 2(i+t2) - - - - - - ~ -  

C) F o r  the  p a i r  (X6, X7) we have  

u ,  = U,  u3 = V ,  z ~-- H ,  k - ~  r t  -1 

Subs t i t u t ing  (2.3) into (0.1), we f ind the  p a r t i c u l a r  so lu t i on  

U----112;~, V : A : ~ ,  ' H ~ X / s  (4,4 2 +  t)~ ~ 

Le t  t he  cond i t ions  be  g iven  at  the  i n i t i a l  m o m e n t  t = 1 (0 -< r <- a) 

u~ ~ a/~r, u~ : A r ,  z : 1,/8 (~:A 2 -~- t)  r ~ 

( O ~ r ~ a ,  t > O )  

and at the  b o u n d a r y  r = a  (t > 1) p r  =1/2at -1. The  so lu t ion  of t h i s  p r o b l e m  is g iven  by  the  e x p r e s s i o n s  

r Ar  4A ~ Jr- i r ~ 
u r = - 2 y ,  u ~ - -  t ' z - - ~  t~ ( O . ~ r . ~ < a ,  t > t )  

T h i s  s o l u t i o n  is  q u a l i t a t i v e l y  r e m i n i s c e n t  of the  p r e c e d i n g  so lu t ion .  

d) On the  subg roup  H = (X7, X 1 + 579} we have  the  i n v a r i a n t  so lu t ion  

rt U V H r 
u r = T - 4 - - V + - 7 ,  u 0 = - T ,  z =  t + t ~ '  ~ =  ~rV~t~ 

We c o n s i d e r  the  c a s e  in which the  b o t t o m  is  g iven  by  the  equa t ion  

z o = 1 / 2  A r  -2 (A < 0 )  

We i g n o r e  f r i c t i o n  (F =0) .  Subs t i tu t ing  (2.4) into (0.1) and (0.2), we f ind the  p a r t i c u l a r  so lu t ion  

U = 0 ,  V = 0 ,  H = - - 2 / 2  A ~ - ~ _ 1 / ~ 2  z_ 2b~ 

(2.2) 

( a ~  r -~ ] f2 [ l  -~ (t -- 112 A Ib~)'/d '~ b, O < a < ] / - 2 b )  

Let  at  the  i n i t i a l  m o m e n t  

t = 0  

(2.3) 

(2.4) 
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g iven  the s t a t e  

and at  the  b o u n d a r y  r =a (t > 0) 

Ut = O, ~o = O, z = 2b 2 - -  1/~r-2(A -~- r~), 

at 2b e 1 ( a~ ) 
u ~ : . ~ l + t  ~ '  z - -  l + t ~  2a ~ A-4- ( l+t~) ~ 

The  so lu t ion  of th i s  p r o b l e m  is  g iven  b y  the  e x p r e s s i o n s  

rt 2b ~ I ( t a ) 
U r :  l + t 2  , u o : O ,  z - - . l . 4_ t~  2r* A-~- (t-[-t~)~ 

a.~<r~< ]/- '2[t- f-( t--1/2A/b~)'!qv2(s t ~ O  

The  l iquid  b o u n d a r y  (z = 0) t r a v e l s  fo l lowing  the  law 

r : ]/=2[t -~ (1 - -  1/~A / b4)'~q'/, b(l -]- F)"~ 

As  t ~  co the  l e v e l  a p p r o a c h e s  a h o r i z o n t a l  p o s i t i o n .  

A p a r t i c u l a r  c a s e  of t h i s  so lu t ion ,  n a m e l y ,  when A--  0 ( h o r i z o n t a l  bo t tom) ,  was  s t ud i e d  in [4]. 

In t h e  p r e c e d i n g  s o l u t i o n s  f r i c t i o n  was  ignored :  we s h a l l  now p r e s e n t  an e x a m p l e  which  a c c o u n t s  
fo r  f r i c t i o n .  

e) On the  s u b g r o u p  H = (X 7, X 6 +X 8) we obta in  the  i n v a r i a n t  so lu t i on  

~r : T-1U, UO ~ F-1V,  

We c o n s i d e r  the  c a s e  in which  

z o = - - ~ ( A > O ) ,  

z = r-2H, ~.---- r-St 

IY- -  A 
2raz 

Subs t i tu t ing  (2.5) into (0.1), (0.2), we f ind one of the  so lu t i ons  

U : 1 / 3  ;~-1, V : O ,  H : X / 2 A  

We pose  the  p r o b l e m :  f ind the  so lu t ion  if at  the  i n i t i a l  m o m e n t  t = 1 (a-< r - b )  t h e r e  is  g iven  

ur = l/3 r ,  uo = O, z =  l / 2 r - 2 A ,  

and at  the  b o u n d a r i e s  we have  

(2.5) 

urn-x~2 at -1, z----1/3 A a  -2 for r - - - - - a ( t > t ) .  
u, =1/3 bt -1 for r--~ b (t > 1) 

The  so lu t ion  of th i s  p r o b l e m  is  g iven  by  the e x p r e s s i o n s  

ur = ']2t-lr, uo --- O, z = 1/2 Ar-2 (a ~< r ~.  b, t > 1) 

It  is  i n t e r e s t i n g  to  note  tha t  the  e l e v a t i o n  is  cons t an t ,  s i n c e  z + z 0 -  0, i . e . ,  at  any  t i m e  the  f r e e  s u r f a c e  
i s  h o r i z o n t a l  and c o n s t a n t .  

Le t  us t u r n  to  the  i n v a r i a n t  s o l u t i o n s  of r a n k  2. The  o p e r a t o r  X l + X 4 c o r r e s p o n d s  to  an i n v a r i a n t  
s o l u t i o n  of the  f o r m  

u 1 - - ~ t +  U, u 2 ~ - V ,  z = H ,  E=1/2 t~ - - x l ,  ~ = x  ~ (2.6) 

We c o n s i d e r  the  c a s e  in which  the  b o t t o m  is  an i nc l i ned  p l a n e  

Zo = - - i x  1 - I x  2 (i ~ t ,  I:4= 0) 

We n e g l e c t  f r i c t i o n .  

Subs t i tu t ing  (2.6) into (0.1), (0.2), we ob ta in  a s y s t e m  in p a r t i a l  d e r i v a t i v e s  with two independen t  
v a r i a b l e s ,  whose  c o e f f i c i e n t s  a r e  independen t  of ~. and #.  T h e r e f o r e  t h i s  s y s t e m  a d m i t s  a so lu t ion  of the  
s i m p l e  wave  type ,  i . e . ,  

U--=- U(O), V =  V(O), H = H ( O )  ( O = O o + a ~ , + a ~ )  
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One of the s i m p l e  wave so lu t ions  has  the f o r m  

U - ~  O, V ~ O, H -~- ( i  - -  i )a- lO (a = c o n s t ,  a=f=0) 

Th i s  y ie lds  the so lu t ion  of the  fol lowing p rob l em:  at the in i t i a l  m o m e n t  t = 0 the l iquid is at r e s t  and 

i ts  f r ee  s u r f a c e  l eve l  co inc ides  with the p lane  

Z = (t - -  i)a-100 - -  (~ - -  i ) x  I -~ IX  2 

T h e r e a f t e r  (for t > 0) the l iquid  m o t i o n  is d e s c r i b e d  by the e x p r e s s i o n s  

it 1 ~ t, /22 = 0, z =  (:[ - -  i)a-100 -~ (i - -  i)(1/2t 2 - -  x 1) ~- ]x  2 

The l iquid  b o u n d a r y  (z = 0) t r a v e l s  with the  ve loc i ty  

I i - -  i I [ ( i  - ~)~ + i~]  -v~ t 

and the free surface displaces parallel to itself. 

Let us examine the operator X1 + Xg- It corresponds to an invariant solution of the form 

tx  ~ U tx ~ V H x I x ~ 
u i = ~ - -  u.2-- - ] - ~ -  z - -  ~= - - ,  ~t-- (2.7) 

~ 1 ,  i + t ~  ' i + t ~ '  VVTi~ Vi+t~ 

Subs t i tu t ing  (2.7) into (0.1), we obta in  a s y s t e m  whose p a r t i c u l a r  so lu t ion  has  the f o r m  

U - - 0 ,  V = 0 ,  H = l / 2  (a 2 - ~ -  ~ )  

Th i s  is the so lu t ion  found in [4] and noted above,  which has  the f o r m  

tr ~ ( r ~ ) 
U r -- t_}_t2 , U0=0,  Z- -  2(i.4_t2 ) a 2 -  l_}_ts (2.8) 

(O.~< r < a V l + t ~, t > O) 

Thus ,  the s i m p l e s t  i n v a r i a n t  so lu t ions  which we have b e e n  able  to f ind a r e  d e s c r i b e d  by the one-  
d i m e n s i o n a l  equa t ions  (1.11) of shal low wa te r  with c y l i n d r i c a l  waves .  

Knowledge of the b a s i c  group (1.12) m a k e s  it pos s ib l e  to f ind the i n v a r i a n t  so lu t ions  of r ank  1 of the 
s y s t e m  (1.11). F o r  example ,  the o p e r a t o r  ~ X 2 - ( o ~ - 1 ) •  X 3 c o r r e s p o n d s  to the s e l f - s i m i l a r  so lu t ion  

u = r t - l U ,  z - ~  r 2 t - 2 H ,  ~,--~ r t  -~ 

and the so lu t ion  (2.8) c o r r e s p o n d s  to the o p e r a t o r  X t +X 4 f r o m  the group (1.12). 

B. S imple  Waves .  Such waves  a r e  p a r t l y  i n v a r i a n t  so lu t ions  of r a n k  1 [5]. In th i s  case  

u = u ( ~ ) ,  z = z ( ~ ) ,  ~ = ~ ( x  1, x 2, t) (2.9) 

We denote  

a) Let 

d~ at ~ 05 
dt - -  Ot ~- u l  ~- u 2 0 x  ~ 

d~ / d t  = 0 (2.10) 

Equa t ion  (2.10) m e a n s  that  the leve l  s u r f a c e s  of the s i m p l e  wave wil l  be  contac t  c h a r a c t e r i s t i c s .  
F r o m  (0.1) with account  for  (2.9), (2.10), we obta in  

z = c o n s t ,  u" V ~ = 0  

This  is  the ca se  of a d e g e n e r a t e  s i m p l e  wave.  

b) Let us examine  the n o n d e g e n e r a t e  s i m p l e  wave 

dE / d t  ~ 0 

It is easy  to show that  the n o n d e g e n e r a t e  s i m p l e  wave is  an i r r o t a t i o n a l  mot ion .  In fact ,  mu l t i p ly ing  
the second  equa t ion  (0.1) with account  for  (2.9) v e c t o r i a l l y  by u ' ,  we obta in  

u" • V'~ : 0 (2.11) 
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E x c l u s i o n  of u" f r o m  (0.1) l e a d s  to the  r e l a t i o n  

(~-~t 12=c~lV~/~ (c 2 - - z )  (2.12) / 

Th i s  equa t ion  shows  tha t  the  l e v e l  s u r f a c e s  ~ = cons t  of t he  n o n d e g e n e r a t e  s i m p l e  wave  wi l l  be  son ic  
c h a r a c t e r i s t i c s  ( t e r m  b o r r o w e d  f r o m  g a s d y n a m i c s ) .  E x c l u s i o n  of u 'V~ l e a d s  to  t he  r e I a t i o n  

z (u")2 = (z.)2 ( 2 . 1 3 )  

It a l so  fo l lows  f r o m  (2.11) tha t  the  n o r m a l  to the  s u r f a c e  ~ = c o n s t  h a s  t he  s a m e  d i r e c t i o n  f o r  a l l  of 
i t s  po in t s .  T h e r e f o r e ,  each  l e v e l  s u r f a c e  of the  s i m p l e  wave  is a p l ane  in E3(• x 2, t) s p a c e .  

Hence  we have  

u l " x  1 +  u" 2 x  2 -  (qq" + z ' ) t : P ( ~ )  ( q =  I u l )  (2.14) 

H e r e  P(~) is  an a r b i t r a r y  func t ion .  The  c o m p l e t e  d e s c r i p t i o n  of n o n d e g e n e r a t e  s i m p l e  waves  is  g iven  
by  (2.13) and (2.14). Thus ,  the  s i m p l e  waves  of (0.1) have  b e e n  s t ud i e d  c o m p l e t e l y .  

C. Double  W a v e s .  T h e s e  a r e  p a r t l y  i n v a r i a n t  so lu t i ons  of r a n k  2. The  double  wave  concep t  w a s f i r s t  
i n t r o d u c e d  in [6], and i t s  g roup  n a t u r e  was  d e s c r i b e d  in [7]. In t h i s  c a s e  

u = u ( ~ ,  ~]), z = z ( ~ ,  q), ~ = ~ ( x  1, x 2, t), ~ l = ~ l  ( xl, x~, t) (2.15) 

The  func t ions  ~ and ~ a r e  c a l l e d  the  p a r a m e t e r s  of the  double  wave .  They  can  be  s e l e c t e d  in s e v -  
e r a l  w a y s .  We s h a l l  c o n s i d e r  the  unknowns u I and u 2 to  be  i ndependen t  and t a k e  t h e m  as  the  p a r a m e t e r s  

and 7.  Then  we ob ta in  f r o m  (0.1), u n d e r  the  cond i t ion  tha t  the  f low b e  po t e n t i a l ,  the  equa t ion  (1.2), a d -  
m i t t i n g  the  g roup  (1.3). 

F o r  conven i ence  in w r i t i n g  the  i n v a r i a n t  so lu t i ons ,  we c o n v e r t  in (1 .2) to  p o l a r  c o o r d i n a t e s  

q = I/u12 + u2 ~, 0 ---~ arc tg (u~ / u i )  

Then  (1.2) t a k e s  t he  f o r m  

( z  - -  q-~zo2)zqq "~- 2q-2Zq Zo ZQo "{" q-2(z zq~)zoo -1 s - -  - -  q zq L - -  2q-3zq zo 2 

- -  Zq ~ - -  q-2zo~ + q-lzZq -~- 2z  - ~  O, (2.16) 

and the  a d m i s s i b l e  o p e r a t o r s  (1.3) wi l l  b e  

0 sin 0 0 X~ = sin 0 ~ + cos 0 0 
X x =  cosO Oq q oO ' q oO 

0 X~ 0 0 
Xa = 00 ' = q-~- + 2z 0-~- (2.17) 

Us ing  the  o p t i m a l  s u b g r o u p s  (1.4), it is  e a s y  to  w r i t e  out  the  c o r r e s p o n d i n g  e s s e n t i a l l y  d i f f e r e n t  in-  
v a r i a n t  s o l u t i o n s .  

a) We can  c o n s t r u c t  an i n v a r i a n t  so lu t i on  c o r r e s p o n d i n g  to the  o p e r a t o r  X 3 = - 3  ( - ) / 0 0 .  It ha s  the  
f o r m  z =z(q) .  In th i s  c a s e  we ob ta in  in p l a c e  of (2.16) the  s e c o n d - o r d e r  o r d i n a r y  d i f f e r e n t i a l  equa t ion  

qzz'" - -  z "a - -  qz "2 + zz" + 2qz ----- 0 (2.18) 

Equa t ion  (2.18) a d m i t s  r e d u c t i o n  of t he  o r d e r .  The  s u b s t i t u t i o n s  

z(q) --- q~l  (~), ~ = lnq,  P03) = n'(~) 

l e a d  to  the  equa t ion  

p p ,  _ p3 _ (l - -  6~l)p ~ + 3(1 - -  ~l - -  4~12)P - -  8~13--2~12 + 4~1 ----- 0 

b) To the  o p e r a t o r  

0 0 
X4 = q - ~  + 2z ~ -  

c o r r e s p o n d s  an i n v a r i a n t  so lu t ion  of the  f o r m  

z - ~ .  q2tt(O) (2.19) 
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Substituting (2.19) into (2.16), we obtain the ordinary  differential  equation 

H(t--4Ii)tt'" + (2H -- t)H '~ --  8H ~ + 2H = 0 

which has the solution 

0 = =1= f V t  - 4 H  ~H 

c) Fo r  the opera tor  
0 

X3 + aX4 = aq-~q -- ~--K + 2az o- ~ 

we have 

z = q 2 H ( ~ , ) ,  ~ = q e  ~~ 

d) Fo r  the opera tor  Xl= 0 ( ' ) /Su  I we have an invariant solution of the form z =z(u2). 
(1.2), we obtain the e q u a t i o n z z " - z ' 2 + 2 z = 0 ,  which has the solution 

Substituting into 

i ~  dz u2 = ~" z (C - -  Z in z) 

We have a s imi la r  solution for  the opera tor  X~ = 8 (')/81I 2. 

Examples of double waves are  one-dimensional  flows with plane waves and two-dimensional  s teady-  
state flows. The complete classif icat ion of double waves has not yet been obtained. 

D. Conical Flows.  One class  of par t icu lar  solutions of (0.1) will be the conical flows - a par t icu lar  
case of double waves. The sys tem (0.1) admits [see (1.1)] the dilatation opera tor  

0 1 0  . 2 0  X 6 = t w d + x  W~-+x 

The invariai~t solutions of rank 2 relat ive to this opera tor  are  t e rmed  conical flows. The invariants 
of this opera tor  will be the quantities x =t - lx  1, y =t-ix2; therefore ,  the conical flows have the form (1.5). 
Conical flows occur  whenever the flow region is bounded by straight  lines converging to a single point, 
which thereaf te r  displace with constant velocity, causing the walls to remain  wetted. As examples we note 
the following cases .  

a) The angular piston problem, in which at the moment  t=  0 the entire wall begins to move awayf rom 
the liquid with constant velocity.  

b) A discontinuous wave approaches the apex of a wedge at the moment t = 0. 

Conical flows are  descr ibed by (1.6). The sys tem (1.6) will be remarkable  in the sense that these 
are  the equations (1.8) of two-dimensional  steady motion with cer tain forces  and sources .  But the sys tem 
(1.6) is m o r e  complex than the sys tem (1.8), and even (1.8) has received very  little study [9]. Finding the 
invariant solutions of (1.6) will reduce to integrating a sys tem of ordinary  differential  equations. We note 
the invariant solutions of rank one of the sys tem (1.6), whose basic group opera tors  are  given by (1.7), and 
the optimal sys tem of s ing le -pa rame te r  subgroups is given by (1.4). 

a) Fo r  the opera tor  X1 = O ( ' ) /~x  we have the invariant solution of the form u=U(y),  v =V(y), h=H(y), 
which will be one-dimensional .  

After determining V(y) f rom the equation 

(V' + i) (3V '2 + 8V' + 4) = CW, 

U(y) and H(y) are  found f rom the formulas  

v 0xp(- S 
A s imi lar  solution holds for  X 2 = ~ (.)/Oy. 

H (v)  = 
v ~ (V' -4- 1) 

r/, +2 
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b) F o r  t he  o p e r a t o r  X4, which in p o l a r  c o o r d i n a t e s  has  the  f o r m  

o o o 

we have  

u = rU(O), v = rV(O), 

c) F o r  the  o p e r a t o r  X 3 in p o l a r  c o o r d i n a t e s  

0 0 0 
oo + v ~2~ - -  u ~-v " 

we have  

we have  

u =  V s i n  ( U - - 0 ) ,  v =  V c o s  ( U - -  0), 

d) F o r  the  o p e r a t o r  X3+ceX 4 in p o l a r  c o o r d i n a t e s  

h =  r2H(O) 

h - ~  H ,  L = r  

o o 
o;r 

Or 00 
0 0 A_ 2~h 0_~ 

u --~ r V  sin (U - -  0), v --~ r V  cos ( U  - -  0), h -~  r~H, ~, - ~  re ~~ 

S t e a d y - S t a t e  F l o w .  In t he  c a s e  of s t e a d y  f low the  b a s i c  equa t ions  wi l l  be  (1 .8) ,whose  g roup  op -  Eo 
e r a t o r s  a r e  g iven  by  (1.9), and the  o p t i m a l  s y s t e m  of o n e - p a r a m e t e r  s u b g r o u p s  i s  g iven  by  the  o p e r a t o r s  
(1.10). 

We no te  the  i n v a r i a n t  s o l u t i o n s .  

a) F o r  the  o p e r a t o r  

Z =  e~X~H(x2) 

we have  

u l  = J ~ ' U  (x~) ,  u~ = e ~ '  V ( z~) ,  

b) F o r  the  o p e r a t o r  X4+f lX 5 we have  

U 1 = e[~~ sin (U - -  0), u~ = e~~ cos (U - -  0), 

c) F o r  t he  o p e r a t o r  X 3 + otX 4 + fl X 5 in p o l a r  c o o r d i n a t e s  

z = e~~ H ,  L = r 

r ~7-r - -  a ' ~  -[- 

we have  

u l = r ~ V s i n ( U - O ) ,  u 2 = r ~ V c o s ( U - - O ) ,  z - ~ r ~ a H ,  L = r ~ e  ~ 

d) F o r  t he  o p e r a t o r  X 3 we have  

u l  = Y ( L ) ,  u~ = v (~ , ) ,  z - =  H(~ , ) ,  ~, = z l l x  ~ 

We obta in  the  c o n s t a n t  so lu t ion  u I =A,  u 2 =B,  z =C.  

As  an e x a m p l e ,  we c o n s i d e r  t he  i n v a r i a n t  so lu t i on  c o r r e s p o n d i n g  to X 4 f r o m  (1.9). I t  ha s  the  f o r m  

ur ~ U(r) ,  uo--~ V(r) ,  z - ~  H(r )  (2.20) 

We s h a l l  e x a m i n e  w a t e r  f low o v e r  a b o t t o m  s p e c i f i e d  in the  f o r m  z0=z0(r)  wi thout  account  f o r  f r i c -  
t ion  (F =0) .  Subs t i tu t ing  (2.20) into (0.1) and (0.2),  w r i t t e n  in p o l a r  c o o r d i n a t e s ,  we f ind one of the  s o l u t i o n s  

U = O ,  V ~ -  V(r),  H ~ ~ ' r - W ~ d r - -  zo, 

w h e r e  V(r)  i s  an a r b i t r a r y  funct ion .  
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Hence we see that the f ree  surface elevation H+ z 0 in this c i rcu la r  motion is independent of z0, i.e., 
the motion is completely defined by specification of V(r) and z 0 affects only the depth. 

We can consider  the par t ly  invariant solutions of the equations of s teady-s ta te  flow - simple waves, 
which have been studied in detail in [5]. The descript ion of all the nondegenerate simple waves for  s teady- 
state flow follows f rom Eqs. (2.13) and (2.14) for unsteady flow. The proper t ies  of the charac te r i s t i cs  and 
simple waves for  steady superer i t iea l  liquid flows are  the same as in the case of one-dimensional  unsteady 
flows with plane waves. 

The author wishes to thank L. V. Ovsyarmikov and N. Kh. Ibragimov for valuable guidance in c a r r y -  
ing out this study. 
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